21 Faclorization 5gs+ew\s
Definition 21\ 1: W —V, P X —Y VVIOTP\’\LS ms in €.
e 1 has the /ff? ﬁfﬁ/}ﬂ /)mpel’/y wrt p, orv

P vas the rght /ifting Iom/ae/@ wrd 1, if

ujc—>>< ‘df,ﬁ ) commutative.
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1l/,/’/‘ l‘) Notation: 1 L p, ve Lp), Pe(@.
R
let A be a class of Wnovphfsvws nw C.

Then L(AB if{i : l‘LP \/Pg/\j/
((A) 'iﬁp:iip VieA]
OP,

Example: € =
Hcvmo#op‘j \H’\LMB Pm?er+3 :
X E >V re. (XF) has the HLP
e 1££ \ howotopies
dx x{0] 4 F Hoxxfs— 2
R o (e )
Vo and ¥ waps He lifting
Xxo)——7  H, 3 a hometopy

N Xx(o,] — Tifting §.

Definition 2.1.2 + X Ue &.
X is O refract of U * 3 d‘\QSMVv‘
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When € =Tep : X s a refract of W,
WheV\ C = A((;D), CaJregovij of VV!oqomsvnS n P
JC"X _>\/ reJerd- oF 8 u_>\/ HC‘F 5

x — U > X
1]
7 >\ > Y

\w/

Class of W\OwrpWSW\s F s saturoded RS S
stable under:

D yetcact ions ;
:l}l‘)P\LS\I\ -outs;

X 0—>><' Pus\n-oqu siuare,
fl lf‘ feF = fleF.
Y Y
i) transfinite COW\posiJriOV\: (J <1 & 3 j—-ai\

I Q We\\—Of&ered se+ —~~> T o F\H—erecl cO:\'ESOfLﬁ.
X T—€ o functor.

'\l'iel-. “_VV’,JAiX(p \15 (QPfesey\*ab\e_)
. ‘lﬂduceci VV\QP ,)ll"}" X(\D—"X(o s b



. CO\V\OV\\C CL\ W\QP X(O) _ l‘\_v)wieI‘X(;l‘) s e
s &leas’r
PmPC)S\"’IOY\ 244 element

NFcrfye Flewr),

by Fe F' = UF) < ((F);

OF cF'= r(F) e (F),

5\ ((F)= r(LU(FD))'

e) L(F)= L(r(LCPY);

£)L(F) saturated;

g} o(F) cosatuvated (saturated in Zf°P),

Follow from definitions.

Proposifion 2.1.S : Refract lemma.

f
X >N
\JT% mn <.

I1f ferld), then fis a retract of P

QI Fe () then £ is o retract of t.
idx

Proof ii) | /\
' id id
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Assuwe

X—jT X —=— X =~ X
fk h.- ‘P — f‘ 1l ;
K idy > N h—‘b—"_P 97’
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Definition 213 < (A,B) couple of worphism classes
of & .Then (A,B) is o weak Factorizaton sgstemt
)AL B stable under retracts;

DA € UB) (i Bcr(h);

iﬁ) Avuj f - X—Y odmits a fac‘roﬁzcﬂ—iom

X ——v  with 1€A, peB.

N A
Note: Not just A cL(B), but Qc+ua||j A =U(B).
fecllB) = F eL(P) 7’F> f cetvact of 1 ?feA.

re\'mc-l' .
Sim) \Qv’\\j B =Y( A) o lewma s\—g\{g\\}\’rg

QXQVV)P\P_: 6 = CRMS
A = { Pro)e,cjr'(\/e Wlmp‘n'\s W\s&,
B - {eP'\vv\ovP\h‘)sW\S g

COTOI\QVUS 2.14.10 .

A Q smell cajregovg, T a swmall set of Preshea\Jes
in A, They (L(r(‘.[))/ fCI» is a weak factorization
53s‘cevv\ n A
Prood (idea):
. Follows from small object argument (2.1.9):

A racdinal K < L.\ oresheaves X€ I, the functor




- T (S T Vo oprsToerTT o
HOW\A (X,—) :ﬂ —> Set commutes wH’\/l OO“WH‘)‘S
1Ndexed b\ﬁ K- filtered well orc&ereci sets.,

e (f X 2, (Tepv’esemlablf’), then Yoneda lemma

gives Homa (X, V)2, so Howmg (X, ) Zevs commutes with
colimits. -

+ |f X2 Lhe with [TI<K, then Homg (X, =) = (5 €Vay
commutes with K- colimits (?).

. Proposition 1.1.3. X zca,sl)‘%\)jx he (swall colimi}), se

X = coegualiser of maps btwn sums of haj- Then fake K

Propos\)riow 2442 lavge enough.

r . e —e - an Qd\)UV)C'HOVI) (A,B) O\\I\d (Al/6|>

W-fs in € oand €. Then F(A)cA<e>GB)<B.
Proof: SWQV\ iéAft(B‘), WQvHr to <how F(i)eA'= e,

Fla) |
X ——>G(X) F(X) > X
A
. // V\/\) . 7
i ok G(p)  adjunction £ GO
7 - > ps | v // . ‘J)
b GCY) FLY) F5) 3/

2.2 Model CGJFE’S%

Definition 2.2 1 .
A 1oca\\3 small cm‘egcmj € s a modle/ CU?ZEjO/’y i
t has three classes of wmovp\aisw\& W, Fib, Cof

u\{eqk/ T \

- lnl\’l\lhn\ﬁn( Djkrnl;ﬂ\n( CC-Cl.h—-




EL}U\V‘-‘HCVI'—CQ T\DIKA WIS

m&—l‘é;\'s
such that
)€ has finte limits & wlimits.

"li)W has 2-out-of-2> PTOPerJrj-
R if 2 mm[)hisms are wm W, then 3

XL)
h Is too.
~

i) Both (Cof, Fibaw) omd (Cof W, Fib) ave

weaX factorization s:jswLems, T
. \ ‘{ZriViQ\
;CE:\: ans cofibrations
\pyam!

Tevvv\mo\ogtjz (75, e are intial, final obJec+s n €.

The 0bjec+ Xet )s: | |
e Fihrant H X—e is a fibration;

e cofibrant £ §ZS—>>( 1s O cofibration.
Remark - Axiom 1i1) = every f has factorizodion
f=pt (1 cofibration, p +rivial fibration), since

f

X ——Y

A
Cof =UFbhOW) = i F jP'

T —/— 1
[SES

SiW\i\quS/ JC:?/J (J trivial cof ibration, 9 F.ber'\ov\),
Iw\poﬁLanr exaw\P\e (2.1‘11) -.

/I\\ A(\ _.AA,{---.,A, AP A A ~ —\/\nﬁ.||



| he CQTQSOY\LS AN OT PlESY\QQV&é LOUEY LU Dvviectd

qure%ons A “has o wodel quregowrlj structure:
W = {all morphisms in f\i,

Cof ={m0nom0rpkisms " f\i,

Fib = r(Cof)

1) Pinide limits & oolimits,

'lDW \(\as 2-oul-of- >,

ii1) show that (CO'(\/ F}b> 's a weak fackorization
S\\Ssﬁemt
Show Cof = L(fCI)), W here

= . £ monowmorphisw A
1 {f X | Y ;,wuo+ien’r O{Z‘ represenquble presl(\eaw“j <A
+ Then (Co§,Fib) = (LU (D), v (T)).

.APP\‘j swmal) objecjr owg\uv\et\f

Proposition 2.2.6 (stobility).

C Q made) calre%ofg,

;L\) €°P a wodel CQ\’egorld.

i’Q\lXe c, s\ice CaJregovg ’C}X o mooel ccd‘eaorﬁ.

PrOPOS.\‘HOW 2.2+ (KQV\ BV‘OWVO‘

€ o W\ode\ Ca\'ego»’j ) D o CQ+eﬂor5 wi‘\‘\'\ WQOK
Qiu\\/&\encesl F. T — D o Pun C_"-C)Y‘,

£ F osends X' =Y e Cof oW to F)eW,

Co\ci\\mro,w\’c
objec_’rs
/, \

/
| v v

~ —_— 7 A\



then F sends f:X—Y e W 4o FH)eW.
Proof:Let F: X —>Ye W, X,Y cofibrant.
B ——Y  Want to show F(fle W.

J ) v QV‘AJ ave cofibvafions, since
Cof is stable under retracts (7)

X K

Factor (£,1,): X Y —Y into cofibration

K:XLY — T and trivial fibration

p: T—VY  Then

Y =

K+
(1) X ! and (2)
WAV

*Diagrom (2):Kj e Cof nW, ¥ and T cofibrant
= FkpeW =F(p)e W.

'Diaamm () :KieCof oW, X and T cofibrant
— Fk)eW = F(fe W. ot
De finition 2.2.3 .

CQ+@30rLj € e_V\dQ\Nec;\ \N\‘l'\/\ C.\st of VV\OY‘]BV\‘\SW\S \W
A /OCO//‘ZO%/‘OW of € bﬂ W s O -Puv)c;\-of:

v € —ho() (R—5TR)
such that Y © the funclor of vawposi’riow \N'\’r\nT




T)t- . HOV“(%OCf), D> — HOVV\V\;(C/ D)

{

is an eguivalence. , |
? Fuwdors seho(lng
W £o isomerphisms

Sawe Qs sag‘w\% {:l’\a{: T \s unjversal awmonq
Fuvxcjrors sewo\\ng W +to ‘\SOVV\OYP\/\‘\SW!&

Tevm\wo\ogﬂ: hc(ﬁ) is the locq\izcmticm of &

Propos’\jr‘\on .29
A\w%s 3 localization hel(?) of = such +hot

Y* is on isomorphism of categories.

Definition af ho(€) -
tlob O\OC@) = Q\)(i>

7) HOW),,O(QCX,Y\ S equ‘lvqlewce classes of o\iqgmMS
X=X KK 2 X X X, =Y (n20)

where each e— is in W or is the identity.

E(Zui\/qlence relation-
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